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Effective Potential and Weak Noise Transitions
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We review the notion of effective potential for stochastic processes and discuss
its possible applications. We calculate this function up to first order in a
parameter measuring the intensity of the noise for a general nonlinear system.
The result is applied exhibiting a transition induced by weak noise.
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1. INTRODUCTION

In many realistic situations macroscopic systems can be modeled by Markov
processes for some macrovariables. This description can be through a master
equation or through stochastic differential equations. Here we shall limit
ourselves to the second description, but our methods can be generalized
directly to master equations, as we have already discussed in some simple
cases.'! Furthermore, we shall not consider inhomogeneous fluctuations in
space. Our discussion will be limited to equations for n macrovariables
q=(q,...q,) of the form (sum over repeated indices is to be understood
from now on)

4,(1) =B,(a(D) + /0 o4(q(1)) EX0) (1)

where (£'(1),..., &%(1)) is a set of Gaussian white noises with zero mean
value and d-correlated with correlations {&/(1) &(¢')> = c¢*6(t —¢') and 7 is
a parameter measuring the intensity of the noise. Although ordinary
stochastic differential equations, in contrast to partial differential equa-
tions, have a unique stationary probability and a unique mean value for
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the macrovariables, one can have metastable states represented by maxima
of the stationary probability. The problem of the appearance of these local
maxima, their number and location, and how they change when the
parameters of the system change is what we want to consider here. In
general the stationary probability is not accessible and no systematic
method of calculation is available. In the case of weak noise [small »
in (1)] the method of the nonequilibrium potential pioneered by Graham
and collaborators'® can be used, but it can present some difficulties
especially in the case when one has more than one maximum‘>* and this
in spite of recent successes of the method in local expansions for extended
systems. > &

We shall explore here the possibility of using another function, the
effective potential, which has the property of being minimal for the unique
mean value. However, if the effective potential is calculated as a power
series in #, which is always possible, it presents minima for the mean values
of metastable states (in this case the stationary probability has several local
maxima). The use of this function was proposed by Graham'”’ and recently
it has been used by Bonilla.® Let us explain precisely what we understand
by a metastable state. This notion is associated with local maxima of the
stationary probability p,(q) and with each maximum we associate a
metastable state [we shall consider here only the case where p.(q) is
maximal at points and not in curves or surfaces]. Suppose p,(q) has two
local maxima at the points (b}, b,) with escape times 7, and 7,,'” then a
realization of the stochastic process which starts near enough to b at time
zero fluctuate around a mean value b, for a time ¢ of the order of r, and
then jump to the second metastable state and fluctuate around a mean
value b, for a time of the order of r, and then come back to the state,
starting again as at time zero. The quantities 6b,=b]—b; will be of the
order of the fluctuations and we shall have a similar situation if we have
more than two local maxima. The perturbative effective potential is a func-
tion U(q) represented by a series in # of the form

U(q) = Up(q) + nU(q) + 7*Us(q) + - - (2)

in which every term U,(q), « >0, can be calculated in a systematic way
which corresponds in fact, as we shall see in Section 2, to expanding first
in n and then taking the limit t, - — oo, where ¢, is the time at which we
impose an initial condition when we solve (1). This function U(q) has the
property that the n equations

oU(q)
oq

=G, (q)=0, a=1,.,n (3)

x
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determine the mean values (b,,..., b,) in the possible metastable states in
the following sense: if G, (b,)=0, k=1,..,m, and U(b,) is a local mini-
mum, then b, is a mean value. Moreover, each b, is in correspondence with
a b}, such that pg(b}) is a local maximum.

These properties are direct consequences of the definition of U(q). Let
Z(J; ©) be the generating functional for a constant time-independent source
J of the process (1) with initial condition q(#,) = a, defined by

J T
2(3; =< (i dt g, )> 4
(J; 7y = ( exp nL, 1 q,(1) (4)

(1,09)

where 7 =T —t, and Z(0; t) = 1. We write 2(J; t)y=exp[(1/7) w(J, )] and
we assume that the following limits exists:

lim Tin 2(J; 1) = w(J) (5)

oo T

In perturbation theory it exists at each order and then one has that
w(J, 7) = tw(J), when 7 - oo, and the limit is independent of &, in a sense
which will be discussed later. The function U(b,) is defined as the Legendre
transform of w(J) by the formulas (J-q=J,q,)

U(q)+w(J)=J-q (6)

o) oU(q)
aJ _q;n aq _Jp (7)

M

u

In order zero in n we shall see that for each local attractor of the deter-
ministic system ¢,=B,(q) associated with (1) we can invert the first
equation in (7) to express J, as a function of q for J in a region 9, around
J =0 to which will correspond a region 2, of variation of q containing the
attractor. Once this is done there is no more problem with the inversion of
(7) in higher orders and the important point is that the analytic form of the
function U(q) calculated in this way will be independent of the initial
attractor. This procedure will generate a function U{q) which will be
convex in each of the regions %,. From (7) and the definition of 2(J; ) we
see that at J =0 the derivative ow(J)/dJ, takes the value

=<1J7dtqa(t)> ={a (®)
T T—

since {g*(£)D .~ o ={, is the time-independent mean value in the station-
ary state of the process (1). In fact g, will be the component « of one of

ow(J)
oJ,

J=0
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the mean values b, discussed above. The reciprocal relation of (8), i.e., the
second equation in (7), is then the fundamental property (3) of the effective
potential. The property that {g,} is a minimum of U(q) is a immediate
consequence of the fact that the matrix

0*U(q)
aq;l aqv q

is positive definite.

One can also use a second function V(p, q) of 2r variables (p, q)=
(D1 Pus 15 4,) from which U(q) can be obtained by a simple replace-
ment. The calculations done with this function are simpler in the applica-
tions and we shall also call it the effective potential. It is also represented
by a series in , V=Vy+yV, +4*V,+ .-, and has the property that the
n equations

av(p, q)
apa p=0

«(q)=0 9)

determine the mean values in the possible metastable state as follows:
I (b)=0 implies G,(b)=0 [see (3)] and if b is a local minimum of U(q),
then it is a mean value in a possible metastable state in the sense explained
above. This function is also defined as a Legendre transform. Consider the
process defined by (1) after replacing B,(q) = B,(q) — J,*, where J,¥, where
J.F is a real constant vector and let Z(J, J*; ) be the generating functional
for this new process defined by

J*

23, 3% 1:)=<exp (%frdt q,,(t)>> (10)

(r.ap)

with the same notation as befoe and now {...>’" stands for the average
with respect to the new process. We write again Z(J, J*; )=
exp[(1/n) W(J, J*; )] and with the same assumption concerning the limit
t— o [see (5)] we have that W(J, J*; t)=tW(J, J*) in that limit and
V(p, q) is defined as the double Legendre transform of W(J,J*) with
respect to (J, J*),

V(p, @)+ W(J,J*)=T-q+J*-p (11)
AW(JI, I*) ow(J,J*)

aJa ={qa, T—pa (12)
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We shall calculate explicitly here V¥V (p, q) = Vo(p, @) +1V,(p, q) (we use
from now on the notation ¥f = fo +nf, + --- +7n*f, for the first k term of
a series in 7), ie., the leading term and the first correction. For U(q) the
corresponding approximation ‘Y U(q) = Uy(q) +#U,(q) is related to 'V by

VU(q)="V(p,=g.B.4) q) (13)

where g,,(q) = a/(q) = 0%(q) c’a}(q). The result is

VO(pa q)=p;le(q)_%gyv(q) p;lpv (14)

Vl(p,q)='5<Tr Lip,q)+ ), lj(p,q)> (15)
f=1

j=

where Tr L stands for the trace of the (nxn) matrix with elements
L,=0,B,(q)—p,0,g"(q) and the {A(p,q)} are the eigenvalues with
positive real part of the linear Hamiltonian system for the variables (P, Q)
generated by the quadratic Hamiltonian 4(P, Q) given by

h(P,Q)= — 3¢"(q) P,P,+ L,(p,q) P,Q,+3U(p.q) 2,0, (16)
UR(p, Q) = p.0,, B(Q) — 5 2P0, £7(q) (17)

In order to clarify the concepts we have introduced we give a simple
example. Consider instead of (1) the one-variable system

§=B(g)+/n &) (18)

with £(¢) a d-correlated white noise of zero mean. The effective potential
DY (p, q) is here (primes denotes derivatives with respect to the argument)

=

1 2 2 ]
DY(p, q)=pB(q) —3P+5 {B'(q)+[B(q)*+pB"(¢)1'*} (19)

The mean value g is unique for this stochastic process and consequently
Eq. (9) should have a unique solution. Let us consider the case in which
the deterministic system ¢ = B(q) associated with (18) has two stable
attractors, for example, if B(q)=uqg—q® u>0, with stable fixed points
i\/;t. If we censtruct a perturbation expansion for the mean value in the
stationary state as a series in 7 we know!'®!" that we shall be able to
construct two series {g(1)>* = i[\/; + O(#n)] which correspond to two
metastable states with an exponentially long escape time exp(b/7), b >0,
which tends to infinity when # — 0. This expresses the fact that the deter-
ministic system ¢ =uq—g°> can go to \/; or —f , depending on the
initial condition. This fact should appear in the perturbative V(p, q), and



1020 Calisto et al.

Eq. (9) expanded as a series in # should have two roots corresponding to
+ [\/,t_t + O(n)]. This is easily verified from (19), since

a"V(p, q) —Alg)+ nd’(q) _, (20)

P lpo 414'(q)

admits the two solutions i[\//—z —2(n/u*) + O(n*)]. The function VU(q)
in this case is

B(q)*+

[NSAEN

{B'(9)+[B(q)*+Blg) B"(9)]"?}
(21)

o) —

DUg)=""V(p=B(q),q)=

and the equation 0'"U(q)/dg=0 [see (3)] will give again the previous
result.*?

One usually speaks of a noise-induced transition if, when varying the
noise intensity, there is an essential change of p,(q),"'> for example, p,(q)
changes from having one maximum before the transition to several maxima
after. Another situation which we can call a noise-induced transition is a
deterministic system with only one global asymptotically stable attractor
and which acquires, when we add noise of intensity #, a stationary prob-
ability with more than one maximum. If this happens for arbitrary small #
at least for some region of variation of the other parameters, we shall speak
of a transition induced by weak noise, an example of which is given in Sec-
tion 3. It appears then that in the two cases mentioned above the effective
potential F(p, q) can be a useful tool, since the solutions of Eq. (9) are in
correspondence with the maxima of p,(q) [when they correspond to local
minima of U(q)]. Moreover, the perturbative F(p,q) can always be
calculated as a series in powers of 7 in a systematic way and this is an an
advantage with respect to the use of p,(q), where the expansion

P«(q) =exp[ — 1[n)(do(q) + 14 (q) + ---)]

in which ¢4(q) is the Graham nonequilibrium potential, needs boundary
conditions on ¢4(q). The conditions one imposes are that ¢,(q) have local
minima in the attractors of the deterministic system, since then p,(q)=
exp[ —{(1/n) ¢o(q)] will have there local maxima. But in the kinds of situa-
tions in which we are interested the maxima of p,(q) are created by the
noise and we cannot impose the previous condition (this is the situation of
the example of Section 3). Once we have determined the mean values using
the effective potential, we can yse this information as boundary conditions
for ¢o(q) and in this sense the effective potential is complementary to the
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nonequilibrium potential, which can then be calculated, s we shall illustrate
in a fothcoming paper.

The expansion of ¥(p, q) in power of # will be especially relevant for
a weak noise transition since this phenomenon can only arise from the
higher order corrections to ¥} and this is the reason fo presenting here an
explicit formula for the first ¥,(p, q). In fact some reflection on the problem
leads to the conclusion that a situation in which a weak noise transition
can arise is when the function B,(q) in (1) is of the form B, (q)=
A,(q) +na,(q), where the parameters in 4,(q) and a,(q) are of order one
with respect to n <1 [we shall write O(1) in what follows], since then the
term #a,(q) will contribute to V, as well as the noise term. In Section 2 we
calculate up to first order in 5 the effective potential for a general system
modeled by Eq. (1). The higher order terms can be calculated with similar
techniques, which we shall present elsewhere. The construction of the effec-
tive potential done in Section 2 is presented in a different form with respect
to the present section. The equivalence is proved in detail in Appendix C,
where we also discuss carefully the absence of global convexity for the per-
turbative effective potential and the reason why this property is lost in our
calculation. In Section 3 we use the expression obtained for the effective
potential to study models exhibiting weak noise transitions. At the end of
the section we justify our calculation with a critical discussion of its
validity, which shows clearly how the weak noise transition arises and how
the effective potential is modified in this situation. Appendix A is devoted
to some technical problems related to the calculation of V,(p, q), while in
Appendix B we present an alternative discussion of the models of Section 3
involving an approximation to the stationary probability and which con-
firm the discussion based on the effective potential.

2. CALCULATION OF THE EFFECTIVE POTENTIAL

We consider a system modeled by a set of n stochastic differential
equations (1) with B,(q) = 4,(q(?)) + na,(q(?)),

4= A,9(0) +na,(q(t)) +/n a¥(q(2)) &(t) (22)

We interpret tHese equations in the Ito sense, which is no restriction, since
if this is not the case one can always transform them to the form (22). We
shall make our calculations using an equivalent definition of the effective
potential. The equivalence with the previous definition will be discussed
in Appendix C. The generating functional of correlation and response
functions is given by [J (1) and J *(¢) are real source and a, is a deter-
ministic initial condition ]
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Z[J,7%]

= j 249 Zp
»(0)

T N .
X EXp {ZJ dt l:p;zq.n(t) —H(P(’), q(t))_;I;J;l(t)q;:"'J py:]}

x 3(q(to) — o) (23)

where H = PukA,+na,)—ing"” PubPys ¥ »0) stands for prepoint discretiza-
tion,"" and we use square brackets in Z [compare with formula (10)] to
indicate that it is a funtional of (J(-), J*(-)). We shall often omit y(0) in
what follows since we shall almost always use this discretization, which
defines (23) as the limit N — oo of T,

n N+ N+l

To=[ 11 T1 dg,., ] 22

pu=1 i=1 Jj=1

N+1 Aqy/
[

xexp i€ Z H(pj’ q_[ l) J;:(tj) q;l,j+']/;k(tj)p/t,j (24)

Jj=1
with t;=1,+je, tny1=T, o=@, 4q,,;=q, ;—4q, ;—1, and identifying
9. ;=4,1), p.;=p,(t), we see that the integral in the argument of the
exponential in (23) has the corresponding quantity in (24) as a Riemann
sum. One has Z[0, /J*] =1 and we define
m 5

H”af I 57+

j=1 [lj(t)[=l vj(t;)

= Gn.m(/'ll ’ tl seees My ’n lvl ’ [,1 53 Voo r:nl J’ J*)

Z[J,7*]

=29 2p T1 .,0) T] (1)
j=1 =1

T
xexp{fj dl[p,,q# B-Jrp, - J,,q,,]}-a(q(ro)—ao) (25)

We shall also use for these functions the notations

qu(t) - g, (L) D, (1)) - ip,, (£,) )T

The functions G, o(gy, 1153 u» £, | 0, J*) are correlation functions of
the process defined by

G, = A,q(1) +1a,(q) = JX(t) + /1 0%(q) &) (26)
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and when HJ(f)=0, ie, for the process (22), we shall simply write
{q,(t1)---q,,(t,)> for these functions. We put

Z[J,J*] =exp <% wiJ, J*]>,

W[J,J*]=nmn Z[J,J*], W[0,J*]=0 (27)
W1
51,,(t)=§ Golu, t] T, T*)=Q,(1) (28a)
oW —lG (u, t| J,T*)=P,(1) (28b)
STz M

The functions G, ,, are linear response functions since

Gn.ln‘(:ul’ tl yeees My tn | Vi, t,] o3 Vo t:n | Js J*)
— 6"
5‘]::(,,1) T 5‘]\*([:")

'm

Gn.o(lul ’ tl"';lun’ tu | Ja J*) (29)

For J =0 the functions G, , are correlation functions of the process defined
by (26) and then (29) shows that G, ,, gives the response of the correlations
to variations of the external sources J,}(¢).

One easily shows that

Gu.m(vla t,l seees V,", t:n | 0’ J*) =0 (30)
We define the functional Legendre transform I'[P(-), Q( - )] of the func-
tional W[J(-), J*(-)] by
-~ - T
TP, Q1+ WI[J, J*] =J dy [J,(1) Q)+ K1) P,(1)] (31)
fo

together with (28a), (28b). Then
sI'[P,Q] _
6Q,(1)

When J =J* =0 one has Z[O, 0]=1, W[O, 0] =0, and from (25) we have
[ see before (26) and (30)]

oI'[pP, Q]

J,u(t)s 6Pﬂ(t)

=JX(1) (32)

SWI[J,J*] oW
_—— = L)), —_— =0 33
6J,(1)  |sorco 1) S H ) sy =0 (33)
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where {q,(t)) is the mean value of the process defined by (22). From (31)
we obtain '[P, Q]|,=0, where the notation means that we evaluate at
P(-)=p, Q(1)={q(1))>. We can then expand the functional I in a Taylor
series around P(-} =0, Q(-)=<q(-)). This expansion starts with quadratic
terms since /|, =0 and from (28) we see that

e
5Py(t) 0

or
6Q;4(t) 0

(J=J*=0 corresponds to P(-)=0, Q(-)=<q(?))> in the Legendre trans-
form]. We have

FP(-), Q)]

1 T n m ,
= > — [ MaIld
n+mz2

! !
ntmldy [T

n m(:ula tla 5 Homs tn | Vi, tl 5 Vs t;n)

m

x [T [Qult) = <qu{td> 1 T Py(1) (34a)
i=1 i=1

rn.m(:ul > tl, Haus tn ' Vi, tll T t:n)

n m 5
E[ 5Q”,(t) Il OP (1] )

Jj=1

(34b)

From (30) for J* =0 we obtain that I

no

=0 and this property implies that

or
=0
5Q;4(l) P=0
identically for any Q(-), while
SI'[P(-).Q()]
_= =0 35
B0 o 32)

provides an equation for the mean value Q(¢)= {q(?)) of the stochastic
process defined by (22). Our interest is now in this process in the stationary
state whose generating functional Z[J, J*] is obtained from (23) taking
the limit 74— —oo. In this hmit Z[J, J*] becomes independent of the
initial condition @, and we define the corresponding functions W[J, J*]
and I'[P, Q] in the stationary state by (27) and (30) with Z replaced by
Z. From now on in all formulas concerning the stationary state the limit
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t, — — oo should be understood even if it is not explicitly indicated. It can
be shown that the functional '[P, Q] has the expansion‘'®’

T -
I'TP(-), Q(-)] =J de [V(P(1), Q(1)) + P,(t) B(P(1), Q1))

+0,(1) C(P(1), Q1))

+ terms depending on higher temporal derivatives] (36)

This expression defines the odinary function V(P, Q) which we call the
effective potential. In the stationary state the functions G, ,, and I, ,, [see
(29) and (34)] depend only on time differences (z, —1;), where 7, stands for
t; or t;. Concerning notations, when we use the symbol ~ we refer to the
general process defined by (22) with ¢, finite and when we omit it we are
considering the stationary state of the process as explained above.

We shall obtain now an expansion of I defined by (31) in powers
of 7. From (23) and (27) we can show that W has an expansion‘!®!V
W=W,+yW,+ ---, which implies I'=T'y+ 7", + ---. In order to see this
we make in (23) and (24) the change of variables p; — pj/n to obtain

T . .
Z[J,J*]:j@q.@"pexp;j dt[p.d,—Hp Q) —iJ,q,+7}p,](37)
i)

with discretized form (q,=a,)

n N+1 N+1

- dp,
1N=f H H aq; . H Ak

=1 i=1 Jj=1 27”7

ie N+1 quv# ) N
XCXP; 2| Piw T_H(Pja G ) =t TP | (38)

j=1

with H=H,+nH,, Hy=p, ,,—-g’“p,,pv, H,=p,a,, and all the 5
dependence is explicitly indicated in (37), (38). We put H{"/7'=
Ho+iJ,q,—JFp, and let p,=v,(¢), q,=u,(t) be the solutlons of
Hamilton equations for H{"’", which are

(J.J*)
aﬂ(t)aiavi"—):/iﬁ(u(m — ig(u) v,— J¥(1) (39a)

u

aH” Ty, u)

b1} = du

—0,0, 4, += (@,g"‘”)v vy—iJ,(1) (39b)

H
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with boundary conditions u(ty) =a,, v(T)=0. Here v,(¢) is pure imagi-
nary; putting r,=iv,, we obtain from (39) real equations. Note that
(u(t), ¥(r)) are functionals ul’//*3, vU//*1 of (J(r), J¥(t)) such that
u=u®" 4+ OJ, J*), v=0(J, J*), ie, v®? =0, and u'®® satisfies the
deterministic equation associated with (22), 1*% = 4(u‘®%(¢)). We make
in (37), (38) the change of variables (p(?), q(¢)) — (p'(2), q'(¢)) given by

g =u, )+ /N glt),  put)=v,(8)=v,(t) + /7 Pl(1)

and we keep only the terms contributing to " = W, + W, which will
determine IV = I'y+#I", (the procedure can be continued systematically
to higher orders in 7). We obtain [calling again (p(t), q(¢)) the new
variables of integration ]

i r . (J.J™)
=exp —J dt (v,u,— H§ (v,u)—nuﬂaﬂ(u))

x M[v(-), u(-)] (40a)
M[v,u]

=| 299%9p
¥0)

(T b i
xexp i dr [p,,q;, +5 8" pupy+35 UV, 0) g, — Ln(V, 0) pug,
x 9(q(t,)) (40b)

with [ f(p, q)|°= f(v, u) = f(—ir, u) for any function f]

Uy u)=iﬂ)— 0=r d,,A (u)—lr 150, &% (u) (41a)
v \ Vs aqﬂ aqv aYuvito 7' B [lVg
a21:[0 0 pa,
L;lv(v, u) _apﬂ aqv _avAy(u) _ruavg (ll) (41b)
Then
3 T *
Wol g, %1 =i [ dt Lo, — HE (v, w)] (42a)
o

\[J,J*]= —ifrdz v,a,(u)+1In M[v,u] (42b)
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and T, is determined by W, through formula (1), where (J, J*) have to be
expressed as functionals of (P, Q) through (10) with 7 replaced by W,,.
Using (39), one finds

SWoJ, J*]
6J,(7)

OW,[J, J*]

= 1), 8J*(1)

=iv,(t)=r,(1) (43)

Comparing with (28), we see that at lowest order Q,(r)=u,(t),
P,(t)=1iv, (1), and these are the funtional relations of the Legendre trans-
form between (J, J*) and (P, Q), since (u(t), v(z)) are explicit functionals
[see (39)] of (J, J*). Using this, we obtain

-~ T .
To[P(). QU= — | dr[P,0,~ P, A Q) +1g"(Q) P,P,] (44)

In the next oder I'"'=1y+ ", is given by the Legendre transform of
W =W,+nW, as

FOLP(), QY] = ~ WO, 31+ [ di[J,0,+JFP,]  (49)

In this order we can still replace u(¢) = Q(z) and v(¢) = —iP(¢) in the right-
hand side of (45) (see, for example, ref. 16) and this gives, using (42),

FIP(C), Q)= div,a,u0) ~ln B u()]  (46)

with M given by (40b). We change in this last formula the y(0) discretiza-
tion to the midpoint y(3),""*'” to obtain (Tr L=3, Luy)

F[v, u] =exp [ _ %J’Tdt Tr L(v, u)} R, u()] (47a)
RIv(-),u(-)]= 29 Dp
11/2)
T
xexpi | dt[p,d,—h(p(r),q(0), )] dla(te))  (4b)
h(p* 9, {) - __guV(u({)) pﬂpv—_ U“’(V u) Gudv +L;w(v u) Pulv
(47¢)

where the explicit time dependence of 4 comes through (u(¢), v(¢)). The
functional integral (47b) can be calculated as an implicit functional of

822/82/3-4-27
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(u(t), ¥(1)) (see ref. 14, Chapter IX), but here we are only interested in the
stationary state (f,— —o0) and in the effective potential defined by (36),
which can be obtained putting P(-) =P =const, Q(-)=Q=const in I, in
which case (we omit ~ since we consider the stationary state)

I'[P,Q]1=tV(P,Q), 1=T—t—>® (48)

We only need then to calculate (47b), replacing in h given by (47c)
u(t) = Q =const, v(t)= —iP =const.

The value of the Gaussian integral (47b) can then be shown to be, in
the limit t=T—t,— o0 (see Appendix A),

K[v(-)=—iP,u(-)=Q}=exp(—%Z l,) (49)
j=1

where (4,, 4,,.., 4,) are the eigenvalues with positive real parts of the
(2n x 2n) matrix R with real elements (1 <y, v<n)

= 0 Rll,n +v = 5,uv; Rn + v =g,uat Uazv; Rn +untyv 2qlngﬁ’j (503)
U = U(l)+(LTG-lL);lv’ E;nl:(G_lL)ﬂv’ L(n)—"(L —L"ll) (SOb)

v v v v

where LT is the transposed matrix of L, G the matrix with elements g*”,
and G~! its inverse. The matrix R corresponds to a quadratic Hamiltonian
and consequently its 2n roots are { +4;, j=1,., n}, where we repeat the
root if the multiplicity is greater than one. Moreover, R is real and this
implies that the sum 3 A; is real. From (45), (46), (48) we obtain in the
stationary state for constants P(-)=P, Q(-)=Q the result

F.[P,Q]=T{P,,a,,(Q)+%[Tr L—iP.Q)+ Y AP, Q)]} (s1)

j=1

where the eigenvalues A; depend on (P, Q) through the dependence of the
matrix R on (v(-)= —iP, u{-)=Q). We can now write down the final
result up to O(y) for the effective potential V(P, Q) defined by (36) using
(42) (we put there constants P and Q), (49), and (51). We obtain
VP, Q)= V,+5V,, with

VO(P’ Q) =P H ;1(Q _g”v Q) P;va (523)

VP, Q)=P,a,(Q)+} <TrL+ Z A,) (52b)

j=1

which are formulas (14) and (15) of Section 1.
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3. MODELS PRESENTING A WEAK NOISE TRANSITION

We use here the ideas of the previous section to study a simple class
of systems which exhibit, as we shall see, transitions induced by weak
noise''*’ which are a consequence of an extreme sensibility to noise of the
models. We consider as a prototype mode!l a deterministic system of two
variables (g,, ¢,) invariant under the transformations ¢, — —g, and
q. — —q, separately,

‘il=—V‘h_“qg‘]l_"‘ﬁEBl(‘]h‘]z) (53a)

G2= —pq>— 043+ 3974, =B:(q:, 2) (53b)

where (a, ¢, g, 7y, v, d) are positive constants. This system has an unique
attractor (g, =0, g,=0) and all solutions q,(¢) >0, r > o0, u=1,2.

We add noise to this system, putting

G,=Bi(q1, g2) +(n5,)'? &\(D) (54a)

‘]2=Bz(41,42)+(77‘72)l/2 £y(1) (54b)

where (£,, &,) are independent white noises with mean and J-correlated,

) EN")) =08,,0(¢'—1"), n <] is a small parameter measuring the

intensity of the noise, and (o,,0,) are positive constants. If all the
parameters involved are of O(1), the effective potential is

Vg @)=Y [, Buq)—ta,p.]+ 00 (55)

u=1

and Egs. (9) show that the mean values are 4, =0 (there can be no correc-
tions of higher orders in #, due to the symmetry g, — —gq, of the problem).
If we look at Egs. (54), we see that an interesting situation can arise if
the parameters 4 and o are of O(n). Putting u=nyl, o=np, alq)=
—(Aq>+ Bq3), we can write Egs. (54) in the form (we put d=1 in B,
without loss of generality)

G, =A\(q) + (n0))> &,\(1) (56a)
G2 = A(q) + nalq) + (no,)"* &,(1) (56b)

with 4, =B,\(q,,q2), A»=4q1¢>, and it is now necessary to calculate the
effective potential up to O(y). We obtain

V(p, q)=Vo(p. Q) +1Vi(p, @) + O(n*) (57a)

VO= Z [p[lA,u(q)—%a/lp;l] (57b)

n=1
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V= pya(q)+ V\(p, 9) (57¢)
Vi=3[Tr L+2,(p, @)+ 2:(p, q)] (57d)

Here L,,=0,4,(q) is independent of p and (¢, =1, &,= —1)

1/2
Aj=<%> , C,=B(p, q) +¢,(B>—4C)"” (58a)
B(p, q) = Tr(GU) — 4 det(GL') (58b)
C(p, q) =det(GU) (58¢c)

Here G, U,L, and L['“ are 2x2 matrices with elements g, U

—~ —~ [IV=
(L'G"'L),,+U.), L,,, and 3(L,,—L,,), respectively [see (50b)]. One
has

v

gll‘l=a;15,1l\'a L;4v=avA;n U”):me a;lvAa(q) (59)

v

We can check that '"V=V,+nV, vanishes for p=0 and also that the
equation

oy

H =4,(q)+0(n)=0 (60)

p=0

implies ¢, =0 since A,(q) vanishes for ¢, =0 and arbitrary ¢g,. According
to the discussion in Section 1, [see (9)], this implies that the mean value
in the stationary state is {(g,> =0. The second equation (9), which is

a(l)V(p, q)
ap-

=0 (61)

p=0

where we should now put g, =0, will then determine the mean value (¢,)
in the stationary state. But here a new problem arises: one has that the
eigenvalue A,(p, q) evaluated at (p=0, ¢, =0) vanishes for arbitrary ¢,.
Due to this one has simply to omit 04,/0p, in (61) [see (57)], which then
reduces to

104
Axq,=0,q9,)+n| alq,=0, q2)+§5p;

]=0 (62)
p=0.q1=0

The reason for this prescription is that the contribution (4, + 4,) to ‘"'V in
(57) has its origin in formula (49), which is obtained by evaluating K in
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(47b) for constants (v(-)= —ip, u(-)=q) and in the limit T—t,=1 - 0.
If we evaluate K for finite T we obtain, as shown in Appendix A, that

RIv(-)=—ip,u(-)=q] =exp[ — 3 In F(,p, q, 2,(p, @), L2(p, q))]  (63)

where F depends on (p, q) exphc1tly and through (4,(p, q), 4.(p, q))- When
7— oo one has K— exp[ — $t(4, +1,)], which gives the contribution

Iim (—%lnl?[v(-) —ip, u(- )—q]>—-— (A +45) (64)
to the effective potential. The function F for finite t has the property that
it is invariant under the transformations A, —» —4, and A,—> —21,
separately and we can see in (64) that this property is lost in the limit, but
one has to take it into account in the calculation of Eq. (61). When 7 is
finite the invariance 4, — —4; tell us that F for small 1, has the form

F=a(p,q, 4, t)+A3b(p, q, 4,, T) + O(13) (65)

The contribution of K to the derivative 8"’ V/dp, in (61) is

. 10 110F
rlinfl; <_ ;sz In K) rl—va‘ <2T Fap > (66)

where we have to put p=0, ¢, =0. Since 1,(p, q) and 4,(84,/0p-) vanish at
p=0, g, =0, we see from (64) that in the calculation of dF/0p, we can put
2, =0 from the beginning and then (66) gives

i 110F

r—.n3c <2T Fop, >
which is the prescription given after Eq.(61) and leading to (62). This
prescription is general and not restricted to the case of two variables dis-
cussed here and it should be used when an eigenvalue vanishes. The reason
is that it is a consequence only of the invariance of F under A, » —4;. We
come back now to Eq.(2), whose solutions will be the mean values

{q,)>% = G, of metastable states in the sense of Section 1 and which reduces
in our model to [4,(g,=0, g,)=0]

_Lok

p=0.4=0 2 apz

(67)

10:| —(+ B+ 55 2)] 0 (68)

This equation can predict mean values §, # 0 of O(1). We can understand
why this happens by looking directly at Egs. (6). Asymptotically for large
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times Eq. (56a) tells us that ¢,(7) » 0 and if we assume that g,(¢) tends to
a mean value §, we can neglect in B(q) the last term and then the mean
value of ¢,(r) in the stationary state is

2yst__ 9

=50

In a first approximation in (56b) we can replace g3g, by {gi>*g, and
{q2(1)*>* by G5, which gives Eq.(68). What has happened is that on
average the term ¢7q, dominates Ag, and the coefficient of the linear term
in ¢, becomes positive, advancing the pitchfork bifurcation arising for
A<0. Solving (68), we obtain

_[(yﬂ+al)2+a. =291 Btk

4a2ﬁ2 Zaﬂ 2&,3 (693.)

[SYN)

q

which tells that we need o, > 21y in order to have bistability, i.e., two peaks
in the stationary probability for ¢g,. We given as an illustration the numeri-
cal value of 4, for 6, =2, A=1/2, a=f=y=1; we obtain from (69) that
g, = +0,52. If we take « =0, we obtain now from {68) that

Fe o,—2y
Y]

(69b)

and with the same values for the other parameters has now ¢, = +1, 22.

These values are independent of the value of # <1 and we see then
that the system (53a), (53b) in the region of parameters = O(n), 0 = O(n)
exhibits a noise-induced transition. The fluctuation around the metastable
states ¢, given by (9) will be controlled by o, in (54b) (see Appendix B} as
well as the escape time, which is of the form exp(a/o,), with a >0 of O(1).
We have done numerical simulations of the models presented here and of
variations of these models which involve the same mechanism and produce
similar transitions. These simulations confirm clearly the predictions of the
theoretical analysis and go in some cases beyond the expected region of
validity of the theory. Due to their special interest they will be represented
in a fothcoming paper. We have also been able to calculate the stationary
probability for the models of this section in a reasonable and controlled
approximation.!”” We remark that if we consider the inhomogeneous
problem, changing g,(¢) to a field ¢,(x, ¢) and adding a diffusion term‘'*-2"
V3¢, to Eq. (56b), we can expect to have a real phase transition in the
thermodynamic limit for o, sufficiently small and if the dimension of x
space is d > 2./22%
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Our original system defined by (4) can be interpreted if we decouple
Eq. (54a) from (54b), putting, for example, B, = —yq, and 0,=0 as a pro-
cess g,(f) in the presence of a nonlinear colored noise q,(f)%, where ¢,(¢)
is the Ornstein—Uhlenbeck process (see Appendix B for a discussion of this
point). For processes with colored noise the possibility of noise-induced
transitions has been considered by studying approximations to the station-
ary probability.®® We remark that the appearance of the mean value
G, #0 given by (69) in the model defined by Eqgs. (56) is the analog of the
Coleman—~Weinberg effect in field theory.!!>

The results presented in this section must be analyzed now in relation
to our general interpretation of the effective potential as a tool to find
mean values of metastable states (see Section | and Appendix C) and our
method of calculating this function. As we explain in Section 2 and
Appendix C, the construction of the effective potential is done by per-
forming a translation of variables [see (C6)] in the functional integral (37).
This translation will be here given by (C6) with (ri>(J, J*), u{2(J, J*))
constant solutions of Hamilton’s equations of the Hamiltonian

H(()J'J‘)‘——Ho(l)s Q)‘J:P;I_Jy‘]y (703)
Ho(p, 4) = p14\(q) — 30, pi + P2q1d>— 3023 (70b)

with 4,(q)=B,(q) given by (53a). We recall that (r(0,0)=0 and
g, = u'(0, 0)) should be an attractor of the deterministic system ¢, = A(q),

i.e., a solution of

A,(q)= —yq,—2g3q, —vq; =0 (71a)
AxNq)=4g7q,=0 (71b)

The solutions of (71) are g, =0 and ¢, arbitrary, which means that
4,=A,(q) has no attractors and we cannot continue with the procedure.
The way to interpret the calculation is to keep all the parameters in B,(q)
given by (53b) of O(1), ie, we do not make the separation B,(q)=
A»(q) +nas(q) indicated in (56b). The deterministic system B,(q)=0
which replaces now (71) has one global attractor (g, = u{/(0,0)=0, ¢g,=
u?(0,0)=0) and we can make the translation. The effective potential will
be

1, o
VD 0) = p,B0) ~50, P} 5 (Tr L4 A+ 1) (72)

with L,,=0,B, and (4,, 1,) depending on (B,(q), B,(q)). It is at this point
that we consider the situation when the parameters u and o of B,(q)
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become of O(x), putting u =ni, o =#yf [see before Eq. (6)]. Then B,(q)=
A,(q) + 7a,(q) and Eq. (72) becomes identical with (57) up to O(n) because
in the term of O(#x) in (72) we can replace B,(q) by A,(q) and then
(L, 2, %,) become (L, 1,, A,) in (57). We see then very clearly in this dis-
cussion how the new metastable states appear in the effective potential.

APPENDIX A

We shall calculate here the functional integral (29b) for K[v(-)=
—iP,u(-)=Q] evaluated for constants v(¢) and u(¢) as indicated. Then K
becomes a function K(P, Q, 7= T —t,) given by (29b), where now & has no
explicit time dependence and is given by

i i . .
h(pa q) = —_2' g!w(Q)P,sz_E ULIV)( —IP, Q) q,uqv +L;1v( _lPa Q)P;z‘h (Al)

Doing the Gaussian integral over Zp in (29b), we obtain

~ T
R=[ a4 exp<— [ a2, q)>~6(q(ro)) (A2)
)(172) 10

¥

where Zq has the discretized from [see after Eq. (24) for the meaning of ¢,
N, and g, ;]

_@q=Nﬁl Z=l dq;l,i (A3)
iy [(2me)" det g#(Q)]'

and & is the Lagrangian (g,, is the inverse matrix of g** and sum over
repeated indices is to be understood)

&= %g,uv(q.;l - L;laqrx)(‘jv - Lvﬂq/}) + %U;,ly) q,,f]v (A4)

We calculate (2), putting gq,(f)=a,(f)+q,(t) with a(r) satisfying the
Euler-Lagrange equations for % with boundary conditions a«,(#,) =0,
a,(T)=gq,. With this change of integration variables (A2) becomes

k:Ja’qexp(-— frdt L(a), oi(t)))-I(P, Q, 1) (A5)

1-[%q exp(—fdrf(q’(r» q"(t)))-rs(q'(zo))5(q'<T))—q> (A6)
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where Zq' stands now for

9q' = L ~ l—l dqu
2 =ty g™ U tGmrdagri@ne A7

Since & is a quadratic Lagrangian and (a,(#,)) =0, a,(T)=g¢,) the action
in (A5) is

0% (a, d)
at & D PN=5"0 A
f t L(a,d)= /f,,( V9 BlD=0 10 (A%

One has that the conjugate momentum f,(7) will be here linear in q and
of the form

BTY=3iM,(7)q, (A9)

where M, (7) has a finite limit A/, when v — co. Then in (AS5) we can do

the Gaussian integral over dq (I does not depend on q) and we obtain

- 247 ){1/2)
R= (d(etn)—),/zI(P, Q1) (A10)
;n

The functional integral I in (6) is calculated in refs. 14, 18, and 26 and has
the value

1
T [(2n) det J# (1)1

(All)

where the (n x n) matrix J#*(t) is such that for fixed « the quantities J#*(¢)
satisfy the Euler-Lagrange equations of % with boundary conditions
J*(T)=0, J*(T)= —g"*. Put x(1) = JH(1); X =T, p=1,m
a=1,.,n; one has that the n vectors x* with 2n components x'*'=
(x{™,..., x{5))) satisfy the linear equations (here we shall explicitly indicate
sums over indices)

X = Z R,xY,  u=1..,2n (A12)

v=1

where the (2n x 2n) real matrix R is given in formula (50a) of Section 2.
The eigenvalues of R are (1,,A5,., 4y Aps1 = —A1s0s Aoy =—24,) with

Reld,= .- 2Re l,=0 since the linear equations (Al2) come from a
Hamiltonian system. We assume that we can diagonalize R (if this is not
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the case, one needs some minor changes in the argument, but the final
result will be the same) by a change of variables

2n

%= 2, S Py (A13)

v=1
which reduces Eqs. (A12) to y,=4,, y, with solution y (1) = r;f" exp[4,(1-1p)],
where r{* are initial conditions at 7 =1,. One has

2n

X)) = L Gurie = (Al4)

v=1

and the unknown vectors r*=(r{*,..., r') will be determined by imposing

2n

the boundary conditions x‘(T)= S"’, with =0, S\, =—g", u=

n—+p
1,.., n. Since for « fixed the vectors §'*' = (é,a, » €a,4) are eigenvectors

of R,
Y R =20 u=1,.,2n, a=1,.2n (A15)

one can choose

,ua f;m('la) é;t.n+a =.f;ux( _Aa); oa= 1,..., n (Alé)

The equations for the vectors r'* are (=T —¢,)

Sil= L Curiet (A17)

v=1

with solutions (u = 1,..., n)

det(EM,..., EW 1, 8, gl g gt g2n)

(a) = _)-/17
e det(Z,,) (A18)
@ _ i det(é”’,..., &"(n), E_,("+“,..., E_,("'H'_”, S(a)’ &_,("+”+ 1),".’ g(ln))
e det(Z,,)
(A19)

where the notation det(y‘",..., y'*") means the determinant of the (21 x 2n)
matrix whose columns are the components of the vectors y”'=
(¥, ¥¥)) and det(&,,) =det(§Y,..., £*"). We see then that

La-:-n(j’l 5oty -1 '{/1’ /1'/14- Farees ﬂ'n) - r(a)(ll IRE }‘;l— 1 _A;n ;";1+ 130 An)
(A20)
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where we used (A.16). Putting r{’ =5 exp(—4,7), rie) , =5\, exp(4,7),
=1,.., n, we can exhibit the 7 dependence explicitly and from (A14) we

obtain
T (t) = xP(tg) = 3, &usie ™ (A21)

v=1

From (A16) and (A20) we see that J**(¢) Ex;f"(t) is invariant under the
transformations A, — — 1, for each v separately and this is then a fortiori

true for J#*(¢,), a property used in Section 3. Using (A21), we can calculate
det J#*(¢,), which has the form

det J*(1,) = Y. B;(P, Q, {1,(P, Q)} ) exp 5, (A22)
J

where S j=:1,+12+ -+, is a sum of n eigenvalues Ij each of them
chosen from the set (4,,..., 4,,). It is simple to see that if in S; an eigenvalue
appears two times, the corresponding coefficient B; vanishes. We see then
that when 7 — oo the dominant term term in (A23) will have the form

lim det J*(1) = B(P, Q, {1,(P, Q)} )exp< Z A) (A23)

T o0

which implies formula (27) in Section 2. The sum 3 4; is always real, since
if (A+iQ2) is an eigenvalue of the real matrix R, then (A —iQ) is also one.

APPENDIX B

We derive here an approximate expression for the stationary prob-
ability py(gq,) of g, in the model defined by Egs. (43). We remark that
(43a) tells that ¢,(z) tends to zero in a time of O(1) and we can neglect
there the cubic terms ¢7 and replace (43a) for times ¢ > O(1) by

gi=—q\(y +ag3) + (1)) &,(1) (B1)

The variable ¢, has slow vaariations in an interval of time of O(1) [this is
seen in (43b) since gi is O(n)]. We can conclude from (B1) that for times
t> O(1) the process g,(t) is approximately in the stationary state and that
it can be considered as an Ornstein—Uhlenbeck process with correlation
time [y +ag,(¢)*]~". Then in this regime we have

no,

(qu(n>=0  and g0 =57
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We can now use this in (43b), since in a first approximation we can
replace q,(1)° ¢.(1) by {q,(t)*> ¢,(1), which gives then

. _ g, _ 1/7
‘Iz(f)-’7[<———2[y+aqz(t)g] i) ﬁq]+(r76 &(1)  (B2)

with stationary probability (N is a normalization factor)

1
pulds) =N exp <— - V(cm) (B3)

— (" % B3
Voo =2 ["| (304 2)a- 0’| (B4)

Equation (B3) shows that the fluctuations and the escape time from a
metastable state are determined by o, as stated in Section 3 and the
maxima of py(g,) [minima of V(gq,)] will be determined by V'(q,)=0,
which coincides with Eq. (55).

We consider now the case in which we decouple Eq. (43a), putting
a=v=0in B,(q,, ¢,) [see (40a)]. We have then a problem of a variable
g»(f) in the presence of nonlinear colored noise. If we put ¢,=y> the
system reduces to

Gy= —yq1 +7 /1 E0) (B5)
g,= —’7(1‘]24‘:8‘]23_)+q:1)"]2+(’7”2)1/2 &,(1) (B6)

which is of the form treated by San Miguel and Sancho®” and also

considered in ref. 9, Chapter 8 {(general techniques useful fo problems with
nonlinear noise can be found in ref 28). Using the results in ref. 27, we
obtain a small-y approximation for the stationary probability p.(qg.),
which is (except for a normalization factor)

1 < e (y/2 = A)x — Bx* + (ny/4) x)
0'2“}‘(’7}’/2)4-; 62+ (y/2)x?

Pulg2)= ) (B7)
The equation for the maxima of this stationary probability gives in lowest
order in # an equation for the most probable values which coincides with
(69b) when o, =9, and p,(q,) then has two peaks for y/2 > 1, which was
the conclusion obtained from the effective potential.

APPENDIX C

We discuss here the equivalence of the definition (36) of V(P, Q) with
the one given in the Introduction. We recall the notation we have been
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using: for any quantity S depending on the source (J,J*) and other
parameters {o} we write S[J(-), J*(-), {g}] with square brackets when
the sources are time dependent and S(J,J*, {o}) with round brackets
when they are constant vectors. The dependence in {g} will often be
omitted or limited to the relevant parameters. We have that Z(J, J*; 1)
given by (10) has the functional integral representations (3) and (37) for
J,(-)=J,=const, J¥(-)=J}=const. We make again in (37) the displace-
ment of variables q,,(t)=ﬁ,,(t)+\/7;q;,(t), py(t)=5,,(t)+\/2p;,(t), but
now (p, =10,(t), q,=i,(t)) are solutions of (39) with the same boundary
conditions but with constant sources (J,J*). We define the real
Hamiltonians

HyP,q)=iHy’(p=—iP,q)=P,A4,(q)—5¢"(q) P,P, (Cl)

e

ESIJ‘)(Pv q) = iH(OJ.J‘)(p = _lPa ‘I) = gﬂ(p’ q) _J,u*Pp _qu;l (CZ)

Putting 7,(¢) = i5,(t), we have that (P,(1) =F(tJ, J*), qft)=0,(t T, T*))
are solutions of Hamilton’s equations for H§~"), which are

G.=A,(q)—g"P,—J} (C3a)
Pu=—Pa0, A1) +1(0,8(q)) P.Pp+J, (C3b)

When J = J* =0 these equations admit P =0 as an invariant manifold and
the previous solution is (7,(£; 0, 0) =0, @,(¢; 0, 0)) with #,(z; 0, 0) satisfying
the deterministic equation

3,2,(£;0,0) = 4,(,(£; 0, 0)) (C4)
for the boundary condition i,(t,; 0, 0) =«,. Then for each attractor b,
A,(b) =0, of the deterministic system, and if a, is in the basin of attraction
of b, the solution 4,(#; 0, 0) will be, after a transient, infinitesimally near b
and spend there an infinite time in the limit f; — — co. The duration of the
transient will be determined by the eigenvalue with the smallest real part
of the linearized deterministic system at q=b. At least for (J,J*) in a
neighborhood %, of (0, 0) we shall have a constant solution (rif”(J, J*),
wd(J, J*)) for (C3) which reduces to

r(J=0,J*=0)=0, uP(J=0,J*=0)=b, (CS)

for vanishing sources and once again the solution (F(*'(J, J*), @;>(J, J*))
will spend an infinite time at the constant solution (rL‘”(J, J#), uL‘”(J, J*))
in the limit ¢ty — — o0, T— 400, i, T— +c0. The region %, in the space

(p, q) is defined by (p=r{"(J, J*), q=uP(J, J*)) for (J, J*)e J,. Due to
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this the displacement of variables mentioned above in (37) can be effec-
tively replaced in the calculations with a constant translation

Pty = —ir®3, I+ Supit), g =uQT, I+ /nq ) (C6)

writing
- 1
Z(J, J*; 1) =exp <; w(J, J*, r))

W(J,3%); 1) = Wo(d, 3% 1) + W, (J, ¥, T)) + -

we obtain the analog of formulas (40)—(42) with (v(-), u(-)) replaced by the
time-independent vectors ( —ir'®(J, J*), u®©(J, J*)). Putting W(J, J*; 1) =
tW(J, J*) when 1 - — oo, one has instead of (42) the formulas

WO(Js J*) = - ﬁO(r(O)(Ja J*)’ u(O)(Ja J*))
+J X}, J*)(J+J,,u;,°‘(J,J*)) (C7)

Hop

Wl(Ja 'J*) = - I‘LO)(J, J*) a/z(uw)(‘]a J*))

1. -
+-In M(r O, 3*), u'®(J, J*)) (C8)

The calculation of Cy(p, q) requires us now to take the Legendre transform
of Wy(J, J*). For this we have to invert

OWo(J, %) OWo(J,3%)

=qus = Pu
oJ + aJ ¥ .

I3

(C9)

in order to express (J,J*) as functions of (p,q). Equations (C9) are
equivalent to saying that at order zero (p, =r\?(J,J*%), ¢, =u'"u(J, J*)),
since these quantities are solution of

0H|(p. @) _

op,

0, =J, (C10)

M

and the inversion can be done in the region %, and &, introduced
after (C5) with (J,J*)e%,, (p,q)€D,. From Vy(p, q)+ Wo(J, J*) =
J,q,+J}p, we obtain now using (7) and (C10) that

Vo(p, 9) = Hy(p, q) (C11)

which is (52a). Instead of (5) we have now

OVip,q)=—""W\(J,I*) +J,q,+ ]k, (C12)
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where VW, = Wy +nW, is given by (C7)-(C8) and in the right-hand side
of (C12) we can still replace r'°(J, J*) by p and u'®(J, J*) by q [see (46)].
Since the calculation of M is the same as in formulas (47)—(49) we formally
obtain (52b) for V,(p, q), thus showing the equivalence of the two defini-
tion of V(p,q). Notice that the eigenvalues { )(j}_ are those of the linear
system determined by the quadratic Hamiltonian A(P, Q) =ik(p = —iP, Q)
as stated in Section 1 [see formulas (16) and (47¢)] since the Lagrangian
2 associated with A(P, Q) is & = — % [see Appendix A, formula (A4)].
In order to obtain ‘VU,(q) = U,(q) + nU,(q), which is the Legendre trans-
form of "Ww(J)=VW(J, J*=0), we remark that putting J*=0 in (C3)
gives r'%(J, 0)=g,.(u'®(J, 0)) for the constant solution and consequently
MU(q)="V(p,=8,,(9) 4,(q), q), which is formula (13).

We remark here that the result for ‘" ¥(p, q) [formula (52)] is the
same independent of the attractor b appearing in (C5) and in fact we do
not need to know explicitly this attractor to arrive at (C2). We recall that
in Section 1 we defined the function U(q) as the Legendre transform of
Ww(J)=W(J,J*=0) and using definition (5) one can easily show that
(2*w(J)/oJ, 0Jg) is a positive-definite matrix and w(J) a convex function.
On the other hand, we can see that the inversion of dw(J)/0J,=q, up to
first order in 4 is determined by the inversion of wy(J)/dJ, = q,. The argu-
ment is the same one just used for W(J, J*) and we conclude that for J in
a region 2, containing J =0 we can invert g, =u"'(J, 0) and q will belong
to a region %, = {q: q=u'"(J), J€ 2,} containing the attractor b=u'"(0).
In fact, the property that the lowest order determines the inversion
problem can be proved to any order in #. This procedure, which corre-
sponds to our calculation, will then generate a function U(q) which will be
convex and have the same analytic form in each of the regions %, (each
one of these regions corresponds to an attractor of the deterministic
system), but the global function will not be convex. A function U(q) which
is convex everywhere can be obtained with the definition

U(q) = sup (J-q—w(J)) (C13)

JeR"

This function will coincide with U(q) in the perturbation expansion if Ww(J)
is everywhere differentiable and this will not be the case for wy(J) if the
deterministic sy‘stem has more than one attractor (an example will be given
in this appendix). The function U(q) will be continuous, but in general not
differentiable at the mean values of the metastable states and it will satisfy
a large-deviation property for the random vector

( )—1det (1, t=T—1
y‘[ _‘l.' o q ’ - 0
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Fig. 1. Plot of the equation f(g)=J.

when 7— 0. Moreover, U(q) will take its minimal value at the true
mean value of the stochastic process, which in general is different from the
mean values of the metastable states. In order to illustrate this point we
consider again the simple example of Section 1, Eq.(18), with B(g)=
uq—q*. For this model, Egs. (C3), which determine the constant solution
u'®(J) for J* =0, become

flg)=B(q) B'(q)=J (C14)
The function Wy(J) is here
Wo(J) = — $B(u' () + Ju' V() (C15)

and in Fig. 1, which plots f(g), we can see that dwy(J)/8J=q, which is
equivalent to ¢ =u'"(J), can be inverted in two regions corresponding to
the two attractors i\/;_t.

For the attractor \/,L_z we have that for JeZ[ =[—J,, o] we can
solve (C14), giving g=u'V(J)e 25 =[q,, ], and forJe Z; =[ — 0, J,]
we obtain ¢ =u'"(J)e 25 =[ — 0, —¢,). One has u'Y(J=0)= i\/;; and
Uy(q) will be a convex function defined in each region 2f and having there
the same analytic form

Ufq)=3B(¢)>, qe2f (C16)
We recall that w(J) in (C13) is defined by (5) in terms of Z(J; ). This

function has a functional integral representation obtained from (23) for
J* =0 after doing there the Gaussian integral over p,(t). One has
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1 1 T T
20,0~ [2gexp| ~ (5[ dtamtds— BG~ B -0, ar 2.0)|

(C17)

N+1 l—.[ dq i

9 — H H
1= 11 Ty detg™a, 1™ (C18)

In the simple model we are studying now we have then
#W(J) = lim gZ(J, 7) (C19)
1
20, r)=j9qexp<— ;d’[qm]) (C20)
1 T T

[4q(+) =§J dt(q'—B)z—JJ dt q(1) (C21)

In order to generate an expansion in n for w(J) we have applied the
method of steepest descent to (C19) looking for a constant solution §(J) of
the Euler-Lagrange equation of the action /“[¢(-)] which minimizes
&’[q(-)]. In the present case we have from (C21) that

wo(J) = — 3B(§(J))* + Jg(J) (C22)
with
gJ)y=u"J), J>0, N =u'9), J<0 (C23)

This is not what we have done in our calculation, since we have taken
Gy =u'D(J) for JeD} =[—Jy, 0] and §(J)=uD(J) for JeD =
[ —o0,Jy] (see Fig. 1) and this is why we have lost global convexity for
Uo(g) [see (C16)]. In fact when we choose §(J)=u'"(J) for Je D] we
have to interpret this choice as equivalent to suppressing the attractor at
(—\/;: ) [the same with the obvious changes with the other choice ©‘®'(J)],
but this was a good thing to do for our purpose of obtaining a differen-
tiable U(q) around the values of g corresponding to metastable states (see
ref. 30 for a discussion of this point). The choice to obtain a globally
convex U(q) through formula (C13) is to calculate wy(J) using (C23). In
this case formula (C22) is replaced in (C13) and the calculation gives now

Ofq)=1B(9)% a<—vm a=V/m  Ufg)=0, ge[—/m/ul
(C24)

822/82/3-4-28
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This function Uy(q) is now convex everywhere, in contrast to (C16), but it
is not differentiable at g= i\//;. These considerations explain where
convexity is lost in our calculation.
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